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es.2011.1Abstract This paper is devoted to introduce a numerical simulation using ﬁnite difference method
with the theoretical study for the problem of the ﬂow and heat transfer over an unsteady stretching
sheet embedded in a porous medium in the presence of a thermal radiation. The continuity, momen-
tum and energy equations, which are coupled nonlinear partial differential equations are reduced to
a set of two nonlinear ordinary differential equations, before being solved numerically using an
implicit, iterative ﬁnite difference method (FDM). The accuracy of the proposed method is tested
by performing various comparisons with previously published work and the results are found to
be in an excellent agreement. The effects of various parameters like the Darcy parameter, the radi-
ation parameter and the Prandtl number on the ﬂow and temperature proﬁles as well as on the local
skin-friction coefﬁcient and the local Nusselt number are presented and discussed.
ª 2011 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.1. Introduction
In recent years the study of ﬂuid ﬂow and heat transfer
through porous media has received considerable attention be-
cause of numerous thermal engineering in various disciplines,
such as geothermal extraction, storage of radioactive nuclearahoo.com (M.M. Khader),
).
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0.002waste materials, transfer ground water pollution, oil recovery
processes, geophysical thermal insulation, cooling of electronic
components, food processing, casting and welding of manufac-
turing processes and the dispersion of chemical contaminants
in various processes in the chemical industry. Cheng and
Minkowycz (1977) studied the problem of free convection
about a vertical impermeable ﬂat plate in Darcy porous med-
ium. Cheng (1977) investigated the combined free and forced
convection ﬂow about inclined surface in porous medium.
Merkin (1985) studied dual solutions occurring in the problem
of the mixed convection ﬂow over a vertical surface in porous
medium with constant surface temperature for the case of
opposing ﬂow. Hooper et al. (1993) have discussed the effects
of surface injection or suction on mixed convection from a ver-
tical plate in porous media. Wright et al. (1996) studied the freer B.V. All rights reserved.
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ﬂux in porous medium. Yih (1997) numerically examined the
effect of uniform lateral mass ﬂux in natural convection about
a cone embedded in a saturated porous medium. Gorla and
Takhar (1997) investigated the effect of surface mass transfer
on mixed convection in non-Newtonian ﬂuids in porous
media.
The study of the ﬂow and heat transfer within a thin ﬁlm
over an unsteady stretching sheet is of special interest in man-
ufacturing processes. For example, during mechanical forming
processes, such as extrusion, the extruded material issues
through a die. Also, examples may be found in continuous
casting, wire and ﬁber coating, the cooling of a large metallic
plate in a cooling path, design of various heat exchangers, crys-
tal growing, reactor ﬂuidization, chemical processing equip-
ment and tinning of copper wires, etc. Crane (1970) gave an
exact similarity solution for the problem of steady two-dimen-
sional boundary layer ﬂow caused by the stretching of a ﬂat
sheet which moves in its own plane with velocity varying line-
arly with distance from a ﬁxed point. The problem of ﬂow,
heat and mass transfer over a stretching sheet in the presence
of suction or blowing was examined by Gupta and Gupta
(1977). Dutta and Gupta (1987) extended the pioneering works
of Crane (1970) to explore various aspects of the ﬂow and heat
transfer occurring in an inﬁnite domain of the ﬂuid surround-
ing the stretching sheet.
In all the above studies, boundary layer equation is consid-
ered and the boundary conditions are prescribed at the sheet,
also the ﬂuid is on at inﬁnity. Wang (1990) ﬁrst studied the
ﬂow problem within a thin liquid ﬁlm of Newtonian ﬂuid on
an unsteady stretching surface where the similarity transforma-
tion was used to transform the governing partial differential
equations describing the problem to a non-linear ordinary dif-
ferential equation with an unsteadiness parameter. Later
Andersson et al. (2000) extended Wang’s problem to the case
of heat transfer. Wang (2006) presented exact analytical
solutions for the momentum and heat transfer within an
unsteady liquid ﬁlm whose motion is caused solely by the
linear stretching of a horizontal elastic sheet. Liu and
Anderson (2008) generalized the analysis by Andersson et al.
(2000) and considering more general form of the prescribed
temperature variation of the stretching sheet that considered
in Andersson et al. (2000). The combined effect of viscous dis-
sipation and magnetic ﬁeld on the ﬂow and heat transfer in a
liquid ﬁlm over an unsteady stretching surface was studied
by Subhas Abel et al. (2009). Very recently, Noor and HashimFigure 1 Schematic of(2010) investigated the effects of thermocapillarity and a mag-
netic ﬁeld in a thin liquid ﬁlm on an unsteady elastic stretching
sheet. The solutions for the problem of unsteady stretching
ﬂow in the case of ﬁnite thickness using homotopy analysis
method were presented by Wang and Pop (2006).
In this article, we introduce a numerical technique, the im-
plicit ﬁnite difference method to the search for the numerical
solutions for the introduced equations. The FDM plays an
important rule in recent researches in this ﬁeld. It has been
shown that this procedure is a powerful tool for solving vari-
ous kinds of problems (Sweilam et al., 2011; Tanvir et al.,
2006; Johnston and Liu, 2002; Cheng and Liu, 2008; Chamkha
et al., 2010). This technique reduces the problem to a system of
algebraic equations. In this work we will use the Newton iter-
ation method to solve the resulting system of algebraic equa-
tions. Many authors have pointed out that the FDM can
overcome the difﬁculties arising in the calculation of some
numerical methods, such as, ﬁnite element method (Sweilam
et al., 2011; Tanvir et al., 2006; Johnston and Liu, 2002; Cheng
and Liu, 2008; Chamkha et al., 2010).
2. Formulation of the problem
Consider the unsteady ﬂow of a Newtonian ﬂuid in a thin li-
quid ﬁlm over a stretching surface. The elastic sheet issues
from a narrow slit at the origin of a Cartesian coordinate sys-
tem as shown in Fig. 1. The continuous surface aligned with
the x-axis at y= 0 moves in its own plane with a velocity
U(x, t) and temperature distribution Ts(x, t). A thin liquid ﬁlm
of uniform thickness h(t) lies on the horizontal surface. The
boundary layer equations governing the ﬂow and heat transfer
obey the following form:
ou
ox
þ ov
oy
¼ 0; ð1Þ
ou
ot
þ u ou
ox
þ v ou
oy
¼ l
q
o2u
oy2
 l
qk
u; ð2Þ
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þ u oT
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oqr
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; ð3Þ
where u and v are the velocity components along the x and y
directions, respectively. q is the ﬂuid density, T is the temper-
ature of the ﬂuid, t is the time, l is the viscosity of the ﬂuid, k is
the permeability of the porous medium, j is the thermal con-
ductivity, qr is the radiative heat ﬂux and cp is the speciﬁc heat
at constant pressure.the physical system.
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lem are:
u ¼ U; v ¼ 0; T ¼ Ts at y ¼ 0; ð4Þ
ou
oy
¼ oT
oy
¼ 0; at y ¼ h; ð5Þ
v ¼ dh
dt
; at y ¼ h; ð6Þ
where U is the surface velocity of the stretching sheet and the
ﬂow is caused by stretching the elastic surface at y= 0 such
that the continuous sheet moves in the x-direction with the
velocity
U ¼ bx
1 at ; ð7Þ
where h is the thickness of the liquid ﬁlm. a and b are positive
constants with dimension (time)1. Ts is the surface tempera-
ture of the stretching sheet varies with the distance x along
the sheet and time t in the form:
Ts ¼ T0  Tref bx
2
2ðl=qÞ
 
ð1 atÞ32; ð8Þ
where T0 is the temperature at the slit and Tref is the constant
reference temperature for all t < 1
a
.
The radiative heat ﬂux qr is employed according to Rosse-
land approximation (Raptis, 1998) such that
qr ¼ 
4r
3k
oT4
oy
; ð9Þ
where r* is the Stefan-Boltzmann constant and k* is the mean
absorption coefﬁcient. Following Raptis (1999), we assume
that the temperature difference within the ﬂow are small such
that may be expressed as a linear function of the temperature.
Expanding T4 in a Taylor series about T0 and neglecting higher
order terms, we have:
T4 ﬃ 4T30T 3T40: ð10Þ
The special form of the surface velocity (7) and the surface
temperature (8) allow the system of partial differential Eqs.
(2) and (3) to be transformed to a system of coupled nonlinear
ordinary differential equations by using the following similar-
ity transformations (Noor and Hashim, 2010):
g ¼ bðl=qÞ
 1
2
ð1 atÞ12 b1y; ð11Þ
u ¼ bxð1 atÞ1f 0ðgÞ; ð12Þ
v ¼  lb
q
 1
2
ð1 atÞ12 bfðgÞ; ð13Þ
T ¼ T0  Tref bx
2
2ðl=qÞ
 
ð1 atÞ32h; ð14Þ
where b is yet an unknown constant denoting the dimension-
less thin ﬁlm thickness, deﬁned by Noor and Hashim (2010):Table 1 Comparison for values of f 00(0) and c.
S Noor and Hashim (2010) Wang a
c f 00(0) c
1.4 0.674089 1.01278 0.67409
1.6 0.331976 0.64240 0.33197
1.8 0.127013 0.309138 0.12701b ¼ bðl=qÞ
 1
2
ð1 atÞ12 hðtÞ: ð15Þ
Using Eqs. (11)–(14), the mathematical problem deﬁned in
Eqs. (1)–(3) are then transformed into the following set of or-
dinary differential equations:
f 000 þ c½ff 00  S
2
g f 00  f 02  ðSþDÞf 0 ¼ 0; ð16Þ
1
Pr
½ð1þ RÞh00 þ c fh0  2f 0h S
2
gh0  3
2
Sh
 
¼ 0; ð17Þ
subject to the boundary conditions:
fð0Þ ¼ 0; f 0ð0Þ ¼ 1; hð0Þ ¼ 1; ð18Þ
f 00ð1Þ ¼ 0; h0ð1Þ ¼ 0; ð19Þ
fð1Þ ¼ 1
2
S; ð20Þ
where primes denote differentiation with respect to g, S ¼ a
b
is
the unsteadiness parameter, Pr ¼ lcpj is the Prandtl number,
c= b2 is the dimensionless ﬁlm thickness, R ¼ 16rT30
3kj is the
radiation parameter and D ¼ l ð1atÞq bk is the Darcy number.
The physical quantities of interest are the skin-friction coef-
ﬁcient Cf and the local Nusselt number Nux which are deﬁned
as:
Cf ¼ 2b f
00ð0ÞRe12x ; ð21Þ
Nux ¼ 1
2bð1 atÞ12
h0ð0ÞRe32x; ð22Þ
where Rex ¼ qUxl is the local Reynolds number.
3. Solution procedure using FDM
Our aim in this paper is to use the ﬁnite difference method to
solve the problem (16)–(17) with the boundary conditions
(18)–(20). This method has been tested for accuracy and efﬁ-
ciency for solving different problems (Cheng and Liu, 2008;
Chamkha et al., 2010).
We will use the transformation f 0(g) = v(g) to rewrite the
system of Eqs. (16) and (17) in the following form:
f 0  v ¼ 0; ð23Þ
v00 þ c fv0  S
2
gv0  v2  ðSþDÞv
 
¼ 0; ð24Þ
1
Pr
½ð1þ RÞh00 þ c fh0  2vh S
2
gh0  3
2
Sh
 
¼ 0; ð25Þ
subject to the boundary conditions:
fð0Þ ¼ 0; vð0Þ ¼ 1; hð0Þ ¼ 1; ð26Þ
v0ð1Þ ¼ 0; h0ð1Þ ¼ 0; fð1Þ ¼ 1
2
S: ð27Þnd Pop (2006) Present work
f 00(0) c f 00(0)
7 1.01278 0.674093 1.012779
7 0.64241 0.331975 0.642396
4 0.309138 0.127012 0.309135
Table 5 Values for c, f 00(0) and h0(0) for different values of R, using FDM (columns 2, 3 and 4) and Shooting method (columns 5, 6
and 7) with S= 0.8, D= 0.2 and Pr= 1.
R c f 00(0) h0(0) c f 00(0) h0(0)
1.0 4.919789 2.9057 2.42829 4.919789 2.9057 2.42827
3.0 4.919789 2.9057 1.54551 4.919789 2.9057 1.54552
5.0 4.919789 2.9057 1.15024 4.919789 2.9057 1.15023
7.0 4.919789 2.9057 0.91955 4.919789 2.9057 0.91955
Figure 2 The behavior of the velocity distribution for various
values of D with S= 0.8, Pr= 1 and R= 1.
Figure 3 The behavior of the temperature distribution for
various values of D with S= 0.8, Pr= 1 and R= 1.
Table 2 Values for c, f 00(0) and h0(0) for different values of D, using FDM (columns 2, 3 and 4) and Shooting method (columns 5, 6
and 7) with S= 0.8, Pr= 1 and R= 1.
D c f 00(0) h0(0) c f 00(0) h0(0)
0.0 5.56880 2.91668 2.61712 5.56882 2.91662 2.61719
0.2 4.91978 2.90572 2.42829 4.91977 2.90561 2.42827
0.4 4.43018 2.90428 2.27474 4.43017 2.90420 2.27470
0.6 4.05661 2.90234 2.14948 4.05663 2.90230 2.14944
Table 3 Values for c, f 00(0) and h0(0) for different values of S, using FDM (columns 2, 3 and 4) and Shooting method (columns 5, 6
and 7) with D= 0.2, Pr= 1 and R= 1.
S c f 00(0) h0(0) c f 00(0) h0(0)
0.8 4.91978 2.90571 2.42829 4.91978 2.90572 2.42828
1.0 2.17851 1.98398 1.64428 2.17854 1.98399 1.64427
1.2 1.15388 1.44029 1.18491 1.15385 1.44028 1.18492
1.4 0.61609 1.01072 0.82313 0.61608 1.01072 0.82312
1.6 0.30629 0.51607 0.64158 0.30620 0.51604 0.64157
Table 4 Values for c, f00(0) and h0(0) for different values of Pr, using FDM (columns 2, 3 and 4) and Shooting method (columns 5, 6
and 7) with S= 0.8, D= 0.2 and R= 1.
Pr c f 00(0) h0(0) c f 00(0) h0(0)
0.7 4.919789 2.9057 1.93989 4.919788 2.9057 1.93981
1.0 4.919789 2.9057 2.42829 4.919788 2.9057 2.42828
2.0 4.919789 2.9057 3.60876 4.919788 2.9057 3.60877
3.0 4.919789 2.9057 4.45389 4.919788 2.9057 4.45388
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Figure 5 The behavior of the temperature distribution for
various values of S with D= 0.2, Pr= 1 and R= 1.
Figure 4 The behavior of velocity distribution for various values
of S with D= 0.2, Pr= 1 and R= 1.
Numerical simulation using the ﬁnite difference method for the ﬂow and heat transfer 33In ﬁnite difference methods the space of solution’s domain is
discretized. We will use the following notations: Dg= ⁄> 0
to be the grid size in g-direction, Dg= 1/N, with gi = i⁄ for
i= 0,1, . . . ,N. Deﬁne fi = f(gi), vi = v(gi) and hi = h(gi).
Let Fi, Vi and Hi denote the numerical values of f,v and h at
the ith node respectively. We take:
f 0ji 
fiþ1  fi1
2h
; v0ji 
viþ1  vi1
2h
; h0ji 
hiþ1  hi1
2h
; ð28Þ
v00ji 
viþ1  2vi þ vi1
h2
; h00ji 
hiþ1  2hi þ hi1
h2
: ð29Þ
The main step is that the system of ordinary differential equa-
tions (23) and (24) is discretizes in space by using the FDM. To
do this we substitute from (28) and (29) into (23) and (25) and
neglecting the truncation errors, the resulting algebraic equa-
tions take the form, for (i= 0,1, . . . ,N):
Fiþ1Fi12hVi ¼ 0; ð30Þ
Viþ12ViþVi1þ0:5hc½ðViþ1Vi1ÞðFi0:5SgiÞ
2hViðViþSþDÞ ¼ 0; ð31Þ
ð1þRÞðHiþ12HiþHi1Þþ0:5hPr½ðHiþ1Hi1ÞðFi0:5ScgiÞ
2hHið2Viþ1:5SÞ ¼ 0: ð32Þ
Also, the boundary conditions are:
F0 ¼ 0; V0 ¼ 1; H0 ¼ 1; FN ¼ 1
2
S; VN
¼ VN1; HN ¼ HN1: ð33Þ
The system of Eqs. (30)–(32) is a nonlinear system of algebraic
equations in the variables Fi, Vi and Hi. In our calculation
using the Mathematica Package, we will use the Newton iter-
ation method with a suitable initial solution.
4. Results and discussion
To assess the accuracy of the presented method, results for our
problem in the absence for both of radiation parameter
(R= 0) and Darcy number (D= 0) are compared with those
obtained by Noor and Hashim (2010) (when there is no effects
for thermocapillarity and magnetic ﬁeld) and Wang and Pop
(2006) (in the case of Newtonian ﬂuid) and as shown in Table 1.
Excellent agreement is observed from that table.
A comparison with the Runge-Kutta method coupled with
the shooting technique is agree very well as we can see fromTables 2–5. So, the variations of the dimensionless ﬁlm thickness
c, skin-friction coefﬁcient in terms of f 00(0) and the local Nusselt
number in terms ofh0(0) for the parameters governing the ﬂow
and heat transfer are presented in those tables. From Tables 2
and 3, we can observe that, increasing both of theDarcy number
and the unsteadiness parameter will decrease the thin ﬁlm thick-
ness parameter c and the magnitude of the heat ﬂux h0(0), but
increase the value of the skin-friction coefﬁcient f 00(0). It is obvi-
ous from Table 4 that increasing in the Prandtl number Pr leads
to an increase for the heat ﬂux h0(0), whereas the values of the
skin-friction coefﬁcient f 00(0) and the thin ﬁlm thickness param-
eter c were found to be ﬁxed. As seen from Table 5, one can ob-
serve the same behavior for the values of the skin-friction
coefﬁcient f 00(0) and the thin ﬁlm thickness parameter c. Also,
we can note that increasing the radiation parameter R causes a
fall in the value of the heat ﬂux h0(0).
Fig. 2, demonstrates the effect of the Darcy parameter D on
the velocity proﬁle. It is revealed that the velocity decreases as
the Darcy parameter increases along the sheet and the reverse
is true away from the sheet. The dimensionless temperature
proﬁle h(g) are depicted in Fig. 3 for various values of D. It
is observed that the temperature at any point increases with in-
crease in D. This is due to the fact that the porous medium pro-
duces a resistive type of force which causes a reduction in the
ﬂuid velocity and enhancing the temperature.
Figs. 4 and 5, illustrate the effect of the unsteadiness param-
eter S on the velocity and the temperature proﬁles, respec-
tively. The results show that the velocity increases along the
surface within an increase in the unsteadiness parameter
S. Also, as the unsteadiness parameter increase, the same
behavior for the temperature distribution is observed in Fig. 5.
The variation of the dimensionless temperature against g
for various values of the Prandtl number Pr are displayed in
Fig. 6. It is absorved that the temperature decreases with the
increase of the Prandtl number. This is due to the fact that a
ﬂuid will large Prandtl number possesses large heat capacity,
and hence augments the heat transfer.
The effect of the radiation parameter R on the dimension-
less temperature h(g) is shown in Fig. 7. It is seen that the in-
crease of the radiation parameter R leads to an increase in the
temperature at any point. This is because the increase in the
radiation parameter implies higher surface heat ﬂux and there-
by increasing the temperature of the ﬂuid.
Figure 6 The behavior of the temperature distribution for
various values of Pr with S= 0.8, D= 0.2 and R= 1.
Figure 7 The behavior of the temperature distribution for
various values of R with S= 0.8, D= 0.2 and Pr= 1.
34 M.M. Khader, A.M. Megahed5. Conclusions
In this paper, the ﬁnite difference method is used to investigate
the effect of the thermal radiation on the ﬂow and heat transfer
in a thin liquid ﬁlm over an unsteady stretching sheet embed-
ded in a porous medium. Similarity transformations were used
to convert the partial differential equations describing the
problem into a system of ordinary differential equations. The
resulting system of ODE is then solved numerically by the
method of an implicit ﬁnite difference method. From the pre-
sented results we can observe that the numerical solution is in
an excellent agreement with those obtain from the Runge-Kut-
ta method coupled with the Shooting technique. Summarizing
these results, we can say that the ﬁnite difference method in its
general form gives a reasonable calculations, easy to use and
can be applied for the differential equations in general form.
All results obtained by using Mathematica version 6.
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